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A UNIFORM BOUND ON THE CANONICAL DEGREE OF
ALBANESE DEFECTIVE CURVES ON SURFACES
MARGARIDA MENDES LOPES AND RITA PARDINI
Abstract. Let S be a minimal complex surface of general type with
irregularity q ≥ 2 and let C ⊂ S be an irreducible curve of geometric
genus g. Assume that C is Albanese defective, i.e., that the image of C
via the Albanese map does not generate the Albanese variety Alb(S);
we obtain a linear upper bound in terms of K2S and g for the canonical
degree KSC of C. As a corollary, we obtain a bound for the canonical
degree of curves with g ≤ q−1, thereby generalizing and sharpening the
main result of [Lu].
2000 Mathematics Subject Classification: Primary 14J29; Secondary
14C20, 32C25.
Keywords: curves on irregular surfaces, uniform bound on canonical
degree, irregular surface.
1. Introduction
Let S be an irregular minimal surface of general type with irregularity
q ≥ 2 and let a : S → Alb(S) be the Albanese map. Let C ⊂ S be a curve;
we define the Albanese defect δalb(C) to be the codimension in Alb(S) of
<a(C)>, the smallest abelian subvariety of Alb(S) containing a(C). If
δalb(C) > 0, then we say that C is Albanese defective.
In this note we give a uniform linear bound for the canonical degree KSC
of an Albanese defective curve C in terms of K2S and of the geometric genus
g of C. For a general discussion on bounds of the canonical degree of curves
see [Lu], [LM] and [Mi].
We prove the following theorem:
Theorem 1.1. Let S be a minimal surface of general type with irregularity
q ≥ 2 and let C be an irreducible curve of S with geometric genus g such
that δalb(C) > 0. Then:
(i) if δalb(C) ≥ 2, then KSC ≤ K
2
S − δalb(C);
(ii) if δalb(C) = 1, then KSC ≤ 4K
2
S + 2g − 2 and there is a fibration
f : S → B, such that g(B) = 1 and C is a component of a fibre.
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and Dynamical Systems (IST/UTL); the second author is a member of G.N.S.A.G.A. of
In.D.A.M.. This research was partially supported by FCT (Portugal) through program
POCTI/FEDER and Project PTDC/MAT/099275/2008 and by italian MIUR through
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If C is an Albanese defective curve, then the map S → A/<a(C)> is a
non constant morphism that contracts C to a point, hence one has C2 ≤ 0.
In [LM] it is proven that if S is a (not necessarily irregular) surface of
general type and C ⊂ S is an irreducible curve of genus g with C2 ≤ 0 then
KSC ≤ 6c2(S)−2K
2
S+6g−6. So Theorem 1.1 can be viewed as a refinement
of this inequality in the special case of an Albanese defective curve. Note
also that the bounds in Theorem 1.1 imply pa(C) − g(C) ≤ 2K
2
S , namely
for an Albanese defective curve the difference between the arithmetic genus
and the geometric genus is bounded by a fixed quantity depending only on
the surface S. Explicit examples of Albanese defective curves with several
singularities are not easy to produce; a construction can be found in Example
4.4
If a curve C has geometric genus g < q, then δalb(C) ≥ q − g > 0. So we
have the following immediate consequences of Theorem 1.1:
Theorem 1.2. Let S be a minimal surface of general type with irregularity
q ≥ 2 and let C be an irreducible curve of S with geometric genus g < q.
Then:
(i) if g ≤ q − 2, then KSC ≤ K
2
S − (q − g);
(ii) if g = q − 1, then either KSC ≤ K
2
S − 2, or there is a fibration
f : S → B, where g(B) = 1, and C is a component of a fibre. In
this case KSC ≤ 4K
2
S + 2q − 4.
Corollary 1.3. Let S be a surface of general type with irregularity q ≥ 2.
Then:
(i) the cohomology classes in H2(S,Z) of the irreducible curves C of
geometric genus < q are a finite set;
(ii) if S has no nontrivial morphism onto a curve of genus > 0, then S
contains finitely many curves of geometric genus < q.
Theorem 1.2 and Corollary 1.3, (ii) generalize a result of S.Y. Lu ([Lu])
for curves of geometric genus ≤ 1.
The first part of the proof of Theorem 1.1 uses the same ideas as the first
part of the proof in [Lu]. However the remainder of the proof is different
and shorter, and it does not require a deep analysis of the behaviour of
ramification of the Albanese map. This simplification is made possible by
the use of two extra ingredients: the smoothness of bicanonical curves (see,
e.g., [Ci]) and the Severi inequality for minimal irregular surfaces of maximal
Albanese dimension ([Pa]).
If F is a smooth fiber of a fibration S → E, with E an elliptic curve, then
KSF = 2g(F ) − 2; since there are surfaces with infinitely many fibrations
onto an elliptic curve with g(F )→∞ (see [MP1], Example 2.1.2), any bound
for the canonical degree of Albanese defective curves must be ≥ 2g− 2, and
so the term 2g − 2 in Theorem 1.1 (ii) seems to be optimal. However, the
bound is possibly not sharp; if it were, then several inequalities used in the
proof should be equalities, all at the same time. In particular the Severi
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inequality should be an equality. Conjecturally this happens only for q = 2,
but it has been proven only under the assumption that the canonical class
of the surface be ample ([Ma], cf. also [MP2]); in the general case it has
been an open question for many years. Also, the coefficient 4 in the term in
function of K2S seems too large; still, we find it intriguing that the different
proof for the case of elliptic curves in [Lu] also gives the same coefficient 4.
In §4 we compute KSC for some examples of Albanese defective curves
C.
Notation and conventions: All varieties are complex projective; a sur-
face is a smooth projective surface. The standard notation for the invari-
ants of a surface S is used: q(S) := h0(Ω1S) = h
1(OS) is the irregularity,
pg(S) := h
0(KS) is the geometric genus and χ(OS) = 1+pg(S)− q(S) is the
(holomorphic) Euler-Poincare´ characteristic and c1(S), c2(S) are the Chern
classes of the tangent bundle of S. χtop(X) denotes the topological Euler
characteristic of a space X.
Recall that K2S = c1(S)
2, c2(S) = χtop(S) and that the Noether formula
K2S + c2(S) = 12χ(OS) holds.
An effective divisor D on S is k-connected if for every decomposition
D = A+B, with A,B > 0 one has AB ≥ k. We sometimes refer to effective
divisors as “curves”. As usual we denote by pa(D) the arithmetic genus of
a curve and by g(D) the geometric genus of an irreducible curve.
The Jacobian of a smooth curve B is denoted by J(B).
2. Preliminaries
In this section we collect several facts that will be of use in the proof of
Theorem 1.1.
We recall the following corollary of Arakelov’s theorem.
Proposition 2.1 (see [Be2], Corollaire). Let f : S → B be a fibration of a
smooth minimal surface S onto a smooth curve B of genus b, with general
fibre of genus h ≥ 2. Then
8(h− 1)(b − 1) ≤ K2S .
Next we give a lower bound for the canonical degree of some curves of S.
Lemma 2.2. Let S be a smooth minimal surface of general type and let D
be a curve such that KS −D > 0. Then
KSD ≥ q − δalb(D).
Proof. By the 2-connectedness of canonical divisors we have D(KS−D) ≥ 2,
namely KSD ≥ D
2 + 2. If D is irreducible, by the adjunction formula we
have:
2KSD ≥ 2pa(D) ≥ 2g(D) ≥ 2(q − δalb(D)).
In general, the inequality follows by observing that if D1, . . . Dr are the dis-
tinct irreducile components of D, then KSD ≥
∑
iKSDi and q − δalb(D) ≤∑
i(q − δalb(Di)). 
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We will need also the following:
Proposition 2.3. Let S be a surface and let f : S → B be a relatively
minimal fibration with general fibre F of genus g ≥ 1. Let F0 be a singular
fibre of f and C a component of F0 appearing with multiplicity one. If NC
is the normalization of C then
χtop(F0)− χtop(F ) ≥
1
2
KSC + χ(ONC ).
Furthermore if F0 − C > 0 then the inequality is strict.
Proof. Write F0 = C +G + R, where C +G is the support of F0 and R is
an effective (possibly 0) divisor with support contained in G.
First we look at the term −χtop(F ). Recall that
−χtop(F ) = −2χ(OF ) = KSF + F
2,
where the last equality is the adjunction formula.
On the other hand, since F0 = C +G+R,
KSF + F
2 = KS(C +G) + (C +G)
2 + 2(C +G)R +KSR+R
2.
By the numerical properties of fibres (see, e.g., [Be1]), RF = 0, i.e.,
R2 + R(C + G) = 0. Since we are assuming that f : S → B is a relatively
minimal fibration, KSR ≥ 0 and so we obtain
−χtop(F ) = KSF + F
2 ≥ KSC + C
2 +KSG+G
2 + 2CG+ (C +G)R.
Now we turn to χtop(F0) = χtop(C + G). By the additivity of the topo-
logical characteristic, one has χtop(C +G) = χtop(C) + χtop(G) − d, where
d is the number of intersection points of C and G. Note that d ≤ CG.
By the proof of Lemme VI.5 of [Be1] given a reduced curve D, one has
χtop(D) ≥ χ(OD) + χ(OND ),
where ND is the normalization of D. In particular, for any reduced curve
D one has χtop(D) ≥ 2χ(OD).
So χtop(C) + χtop(G)− d ≥ χ(OC) + χ(ONC ) + 2χ(OG)− d, where NC is
the normalization of C.
This can be written, by the adjunction formula,
χtop(C) + χtop(G)− d ≥ −
1
2
(KSC + C
2) + χ(ONC )−KSG−G
2 − d.
Then χtop(F0)−χtop(F ) ≥ −
1
2
(KSC +C
2)+ χ(ONC )−KSG−G
2 − d+
KSC + C
2 +KSG+G
2 + 2CG+ (C +G)R =
=
1
2
(KSC + C
2) + χ(ONC ) + 2CG+ (C +G)R − d.
Now
1
2
(KSC + C
2) + χ(ONC ) + 2CG+ (C +G)R − d =
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=
1
2
KSC + χ(ONC ) +
1
2
(C2 + CG + CR) + (CG − d) +
1
2
G(C + R) +
1
2
R(C +G).
From CF = 0 we obtain C2+CG+CR = 0. On the other hand the fibre
F0 is not a multiple fibre, because C appears with multiplicity 1 on F0. Thus
F0 is 1-connected and so, if G+R 6= 0, then
1
2
(G(C +R) +R(C +G)) > 0.
Since also CG− d ≥ 0 we obtain
χtop(F0)− χtop(F ) ≥
1
2
KSC + χ(ONC )
and that if C 6= F0, then the inequality is strict.

3. The proof of Theorem 1.1
We denote by a : S → Alb(S) the Albanese map, we set
AC := Alb(S)/<a(C)>
and we denote by aC : S → AC the induced map. Observe that AC is an
abelian variety of dimension δalb(C) and that aC is a non constant morphism
that contracts C to a point.
Step 1. If aC(S) is a surface, then KSC ≤ K
2
S − δalb(C).
Let α, β be the pull back on S of two general 1-forms of AC and let G be
the divisor of zeros of α∧ β. Then G = C +R with R is an effective divisor
whose image via aC spans AC , hence δalb(R) ≤ q − δalb(C). So we have
K2S = KSG = KSC +KSR ≥ KSC + δalb(C),
where the last inequality follows by Lemma 2.2.
So from now we may assume that aC(S) is a curve B.
Step 2. B is smooth of genus δalb(C) and aC has connected fibers.
The map aC factors through an irrational pencil fC : S → Γ, where Γ is a
smooth curve of genus γ ≥ δalb(C). On the other hand, H
0(ωΓ) pulls back
to a γ-dimensional subspace of H0(Ω1S) whose elements restrict to 0 on C,
so γ ≤ δalb(C); therefore γ = δalb(C) and the natural map J(Γ) → AC
is an isogeny. By the universal property of the Albanese variety, the map
Alb(S) → J(Γ) induced by fC descends to a map AC → J(Γ) such that
AC → J(Γ)→ AC is the identity, hence J(Γ)→ AC is an isomorphism and
B is smooth of genus δalb(C).
Step 3. If δalb(C) > 1, then 4(δalb(C)− 1)KSC ≤ K
2
S.
We denote by F a general fiber of fC , which is a smooth curve of genus
g(F ) ≥ 2 since S is of general type. By the adjunction formula KSF =
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2g(F ) − 2. Since KS is nef, KSC ≤ KSF and so, by Proposition 2.1 and
Step 2, we obtain
4(δalb(C)− 1)KSC ≤ 8(g(F ) − 1)(δalb(C)− 1) ≤ K
2
S .
Step 4. If δalb(C) = 1, then KSC ≤ 4K
2
S + 2g − 2.
In this case AC is an elliptic curve and by Step 2 the map aC has connected
fibers; denote by F0 the fiber of aC which contains C.
If F0 is non singular then KSF0 = KSC = 2g − 2 and the inequality is
trivially satisfied.
So assume F0 is singular.
Suppose that C appears in F0 with multiplicity ≥ 2. Since |2KS | is
base point free (see, e.g., [Ci]), we can consider a smooth curve D in |2KS |
meeting C transversally. Let m := KSF0 and let D → AC be the cover of
degree 2m induced by aC . Then one has 6K
2
S = 2g(D)−2 by the adjunction
formula and, by the Hurwitz formula, 2g(D) − 2 = degR, where R is the
ramification divisor of D → AC . Since C appears with multiplicity ≥ 2 in
F0, we obtain degR ≥ 2KSC. So 6K
2
S ≥ 2KSC, i.e. 3K
2
S ≥ KSC.
Suppose now that C appears in F0 with multiplicity 1 and let F denote
a general fibre of f . By Proposition 2.3,
χtop(F0)− χtop(F ) ≥
1
2
(KSC) + 1− g.
Then, by the formulas for c2 of a fibered surface (see, e.g., Lemme VI.4
of [Be1]), we have c2(S) ≥ χtop(F0)− χtop(F ).
Notice that the Albanese image of S is a surface, since q ≥ 2 by as-
sumption and on a surface with Albanese dimension 1 the Albanese defect
of any curve is either equal to 0 or to q. Hence by the Severi inequality
([Pa]) we have c2(S) ≤ 2K
2
S . So one obtains
1
2
(KSC) + 1 − g ≤ 2K
2
S , i.e.
KSC ≤ 4K
2
S + 2g − 2.
Step 5. end of proof.
We only have to show that in the situation of Step 3 one has KSC ≤
K2S − δalb(C).
Assume for contradiction that KSC ≥ K
2
S − (δalb(C) − 1); then by Step
3 we have KSC ≥ (δalb(C)− 1)(4KSC− 1) ≥ 4KSC− 1 and thus KSC = 0.
Then C is a −2 curve, δalb(C) = q and K
2
S ≤ q − 1. The last equality
contradicts the fact that pg(S) ≥ q since S is of general type and K
2
S ≥
2pg(S) since S is also irregular.
This concludes the proof of Theorem 1.1.
4. Examples
In this section we compute explicitly KSC for some Albanese defective
curves C contained in an irregular surface S. We examine products, sym-
metric covers and some double covers of abelian surfaces, namely most of
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the standard examples of irregular surfaces of general type. (One can of
course also produce surfaces containing Albanese defective curves by taking
suitable complete intersections in an abelian variety, but it is not clear how
to compute explicitly KSC and K
2
S for such examples).
We use the notation introduced in the previous sections.
Example 4.1 (Curves in the product of two curves). Let D be a curve of
genus g ≥ 2, let S := D×D and let C ⊂ S be the diagonal. Here AC = J(D)
and the quotient map aC : Alb(S) = J(D) × J(D) → J(D) is defined by
(x, y) 7→ x − y, hence in this case the image of aC is a surface. We have
δalb(C) = g, KSC = 4(g − 1) = K
2
S/2. The map S → AC maps S onto a
surface. The situation is the same for graphs of automorphisms and similar
for graphs of maps between curves.
If Di, i = 1, 2, are curves of genus gi ≥ 2, f : D1 → D2 is a non constant
morphism and C ⊂ S := D1 × D2 is the graph of f , then we also have
KSC ≤ K
2
S/2, with equality holding iff f is e´tale.
Example 4.2 (Examples of curves with δalb(C) = 1 and KSC = K
2
S). Let
E be an elliptic curve, set A := E × E and let ∆ ⊂ A be the diagonal.
Fix x1 6= x2 ∈ E, set B := {x1} × E + E × {x1} + {x2} × E + E × {x2},
Pij = (xi, xj) ∈ A, i, j = 1, 2. Choose L ∈ Pic(A) such that 2L ∼= B and
L|∆ 6≡ P11 + P22, and let pi : X → A be the double cover associated to the
relation 2L ≡ B. The surface X has 4 singular points of type A1, occurring
over the points Pij . The minimal resolution S → X is obtained by pulling
back pi to the blow up ε : Aˆ → A of A at the points Pij and normalizing.
If we denote by Eij ⊂ Aˆ the exceptional curve over Pij , by B
′ the strict
transform of B and by L′ the line bundle ε∗L(−
∑
Eij), then p : S → Aˆ is
the double cover associated to the relation 2L′ ≡ B′. Hence the surface S
is minimal of general type with K2S = 4, pg(S) = q(S) = 2. Let ∆
′ ⊂ Aˆ be
the strict transform of ∆ and let C = p−1(∆′). The double cover C → ∆′
is e´tale, given by the relation 2L′|∆′ ≡ 0; since L
′|∆′ is non trivial, C is a
smooth elliptic curve. Standard computations give KSC = 4 = K
2
S .
Now pick η ∈ Pic0(S) of finite order m such that η|C has also order m,
let S′ → S be the e´tale cover given by η and let C ′ ⊂ S′ be the preimage of
C. Then C ′ is an elliptic curve with C ′K ′S = 4m = K
2
S .
Example 4.3 (Curves in the symmetric square of a curve, I). Let D be a
curve of genus q ≥ 3 and set S := S2D. The surface S is minimal of general
type with invariants pg(S) = q(q − 1)/2, q(S) = q, K
2
S = (q − 1)(4q − 9).
Let σ be an involution of D; the curve C := {x = σ(x)|x ∈ D} ⊂ S is
a smooth curve isomorphic to D/σ. The pull back of C on D × D is the
graph of σ, hence it has self intersection 2 − 2q; it follows C2 = 1 − q and
KSC = q − 1 + 2g − 2, where g is the genus of C. By the Hurwitz formula
we have KSC ≤ 2q − 2 with equality holding iff σ is base point free. The
abelian variety AC is isomorphic to the generalized Prym of the double cover
D → D/σ and the map aC : S → AC is induced by the Abel-Prym map.
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So, unless q = 3 and g = 2, δalb(C) = g − q > 1 and the image of aC is a
surface.
Example 4.4 (Curves in the symmetric square of a curve, II). Let D, S
and σ be as in Example 4.4 and assume in addition that E := D/σ is an
elliptic curve. Let p : D → E be the quotient map and let f : S2D → E
be defined by (x, y) 7→ x + y. Let c ∈ E and write Fc := f
−1(c); the pull
back F˜c of Fc to D × D is the preimage of Ec := {z + w = c} ⊂ E × E
via the map p × p : D × D → E × E. Denote by B the branch locus of p
and by pri : E × E → E the projection onto the i-th factor, i = 1, 2. The
map F˜c → Ec is a Z
2
2-cover, which is the fiber product of two double covers
branched on pr∗i B. By the Hurwitz formula B consists of 2q − 2 distinct
points and for c ∈ E general the curve F˜c is smooth of genus 4q−3. It is easy
to check that the general F˜c meets the diagonal ∆D ⊂ D×D transversely at
8 points and therefore, again by the Hurwitz formula, it is smooth of genus
g := 2q − 1.
Write B = x1 + · · · + x2q−2. If, say, x1 = −x2 and 2x1 6= 0, then F˜0
has a node over the point (x1,−x1) and a node over the point (−x1, x1);
these nodes are identified by the involution that exchanges the factors of
D × D, hence F0 has a node. (If x1 = −x1, then F˜0 has also a node over
(x1,−x1) = (x1, x1), but F0 is smooth at the corresponding point). In a
similar way one can arrange that F0 has any number r ≤ q−1 of nodes. For
r ≤ q − 2 the curve F˜0 stays irreducible, hence F0 is also irreducible. (For
r = q − 1 it is possible to show that F0 splits as the union of two smooth
curves C1, C2 with δalb(Ci) ≥ 2 for i = 1, 2 and q ≥ 4.)
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